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T he Monte Carlo (MC) method is a computer technique for simulating
phenomena which have random events. It is named after the city in Monaco
famous for its gambling casinos. In nuclear medicine, radioactive decay,
photon scatter in the body and in the collimator, and photon absorption in the
crystal are all random events and can be modelled with the MC method. This paper
is an introduction to the MC method with applications to SPECT. We start by moti-
vating the problem of simulating the process of SPECT scanning. We then introduce
the MC method by giving a simple example of how MC can be used to estimate the
value of 1= Next we describe methods for generating random numbers on a com-
puter, a very important part of MC. Finally we discuss the use of MC in SPECT.

Why simulate SPECT?

Various physical effects degrade SPECT
images, including attenuation, scatter,
detector response, and noise®. In order to
improve SPECT imagesit isimportant to
know how to compensate for these
effects®. For example, iterative recon-
struction using attenuation compensation
has been shown to improve quantitative
accuracy in SPECT. However, it is till
unclear whether attenuation compensation
improvesclinical diagnosis.

There are several reasons why we simu-
late SPECT imaging. First, with computer
simulation we know the phantom exactly.
After we reconstruct the simulated pro-
jection data, we can compare the recon-
structed image with the known phantom.
In thisway we can test the reconstruction
technique. For example, if we reconstruct
the projection data with different recon-
struction techniques, we can determinethe
best technique by comparing the recon-

structed images with the phantom. With
patients we do not know the true activity
distribution, so comparing reconstruction
techniques with patient datais more diffi-
cult. With a phantom experiment we can
also know thetrue activity distribution, but
not as accurately aswe can with computer
smulation.

Second, with simulation we can know how
scatter contributes to the projection data.
Thisis not possible to know with experi-
mental or clinical data, since the camera
cannot distinguish between primary and
scatter photons. (Although collimation and
energy windowing allow usto reject some
of the scatter photons, some scatter
photons are still detected and can have a
significant effect on image quality and
guantitative accuracy.) In fact, with ssimu-
lation we can separate the primary and
scatter components of the projection datg;
in fact, we can separate the scatter
component into first-order scatter, second-
order scatter, etc. This helps us to study
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how scatter degradesimages aswell asto
devise means for compensating for scat-
ter.

Third, with computer s mulation we can see
how changes to the imaging hardware or
to the dataacquisition protocolswill affect
the images. For example, one can try out
different collimator designsin simulation
without actually constructing anything. As
another example one can use simulation
to acquire projection data using different
energy windows and then determinewhich
energy window isbest for agiven applica
tion.

Fourth, the “patient” population can be
controlled in order to focuson aparticular
disease state to study. For example, if one
is studying the detection of septal defects
in cardiac SPECT then one can create
some phantoms which have the defect and
somewhich do not. Moreover, onecan also
control the size of the defect. In SPECT,
patient motion can degrade the image,
meaking diagnosismoredifficult. With smu-
lation, motionisnot typically present. Asa
result, one can use simulation to study ef-
fects which might otherwise be obscured
by patient motion. On the other hand,
through simulation one can study how dif-
ferent types of patient motion, such ascar-
diac beating, breathing, or gross patient
motion can affect SPECT imaging.

Fifth, one can systematically study vari-
ous physical effects by isolating them in
simulation. For example, supposethat one
wanted to study how detector response
blurring affects lesion detection. Simula-
tion can be performed with no detector
response blurring—i.e. perfect collima-
tion—as well as different amounts of
detector response blurring (corresponding
to different collimators). This cannot be

done in practice. One could also generate
projection data with perfect energy reso-
lution or with extremely low noise, for ex-
ample.

Since SPECT is governed by stochastic
processes, it is natural to use Monte Carlo
for smulation. Monte Carlo programs in
nuclear medicinearefairly complicated, so
we introduce the method with a simple
example.

Simple example of Monte Carlo —
estimating Tt

In this example we present a simple
method for estimating 1t with MC. Al-
though thisisavery inefficient way to es-
timate 1, it illustrates someimportant fea-
tures of the MC method. For comparison,
the true value of 1tto 6 decimal placesis
3.141593.

Consider acircleinscribed in asquare, as
shown in Figure 1. Now suppose that we
were to drop balls onto the square ran-
domly, so that each ball hasan equal prob-
ability of landing anywhere on the square.
The probability that aball will land in the
circle is 74, since the ratio of the area of
the circle to the area of the square is 174.
Thismeansthat if we drop many ballsonto
the square, the fraction of ballslandingin
thecircleis approximately 174.

We can easily perform this experiment on
a computer. For concreteness, we choose
to use a square which has sides of length
2, and theinscribed circleistheunit circle.
To simulate a ball dropping randomly on
the square, we need to pick two random
numbers corresponding to the x- and y-
coordinates. This means that we need a
way to generate many random numbers
between -1 and +1. We will discuss the
generation of random numbers shortly.
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Fig.1 (&) Circleinscribed in a square for the simple MC method for estimating 7z The area
of the circle divided by the area of the squareis 7/4. For concreteness we have
chosen to use a square with sides of length 2. (b) To make the simulation even

simpler we use just the first quadrant.

After generating the numbers x and y, we
test to see if they correspond to a point
insdethecircle, i.e. if x2+y2< 1. Werepeat
the process many times, counting the num-
ber of timesaball landsin thecircle. The
procedureisillustrated in the pseudocode
in Figure 2. Also, note that the problem is
symmetric, so we can choose to use only
one quadrant. In that case we need to gen-
erate random numbers between 0 and 1.
We did this for the ssmulations, and we
present the results below.

initialize: num_in=0,r =1
choose N
forn=1toN{
generaterandom number (X,y)
if sqri(x®+y?) <r2
num_in<=num_in+1
}

T estimate=4-num_in/N

Table 1 showstheresults of simulating 10
balls, with the estimate of Ttafter each ball
has been dropped. A total of 8 ballslanded
in the circle, giving an estimate of 3.2 for
T— obviously apoor estimate! Clearly we
need to simulate a very large number of
balls in order to get an accurate estimate
of 1t Table 2 showsthe estimate of Tafter
various numbers of balls have been
dropped. It can be seen that the estimate
converges slowly towards 1t as the num-
ber of ballsincreases.

Fig. 2 Pseudocode for program simulat-
ing the experiment for estimating
71. Thevariablesare: r = radius of
circle, N = number of ballsto drop,
n = counting variable, num in =
number of balls which have fallen
inside the circle.
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Table 1 Results of simulating 10 balls

n X y incircle?  total inside estimate of Tt
1 0.106056 0562682 X 1 4.000000
2 0597442 0452214 X 2 4.000000
3 0.113265 0.925333 X 3 4.000000
4 0.994239 0.865533 3 3.000000
5 0.965050 0.071491 X 4 3.200000
6 0.787452 0.133523 5 3333333
7 097345 0504676 5 2857143
8 0.016421 0.763225 X 6 3.000000
9 0.201433 0.327989 X 7 3111111
10 0.327925 0.673346 X 8 3.200000

Since a very large number of balls are
needed to estimate Ttaccurately, it certainly
would not be feasible to perform a read
experiment to estimate 1tby dropping balls
onto a square! However, on a computer
the simulation of 1,000,000 balls, for ex-
ample, is very fast. On a DEC Persona
Workstation 500AU computer it took about
1 second to simulate 1,000,000 balls.

Random number generation on a
computer

Itisnot possible to generate truly random
numbers on a computer. Instead, comput-
ers generate pseudorandom numbers@?,
These numbers are generated with nu-
merical algorithmsand appear random only
to those who do not know the algorithm.
For example, the x- and y-coordinates in
Table 1 have been generated by anumeri-

Table 2 Estimates of T for different
numbers of balls dropped (N)

N est. of 1t

1 4,000000

10 2.800000

100 2.880000
1,000 3120000
10,000 3136800
100,000 3.139000
1,000,000 3141524

cal agorithm and thus are not truly ran-
dom, but they appear randomto us. Inthis
paper wewill not distinguish betweentruly
random numbers and pseudorandom num-
bers but will use the terms interchange-
ably. A computer algorithm which gener-
ates pseudorandom numbers is caled a
random number generator (RNG). Ran-
dom number generators are at the heart
of Monte Carlo programs so we describe
them here.

A simple random number generator

The first RNG, devised by von Neumann
during World War 11, is caled the mid-
square method®@%. The user chooses a
number between 0 and 1 with four digits,
for example 0.7914. This first number is
called the seed. (In most other RNG'sthe
seed is an integer.) This number is then
squared and the middle four digits are
taken to give the first random number in
the sequence. In our example, 0.79142 =
0.62631396. The middle four digits are
6313, so the first random number gener-
ated is 0.6313. To get the next random
number we repeat the process: 0.6313% =
0.39853969, so the second random number
i$0.8539. Then 0.8539? = 0.72914521, so
the third random number is 0.9145. This
procedure is repeated every time a new
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Table 3 Random numbers generated with the mid-square method for a seed of 0.9876

i random # i random # i random #
seed 0.9876 70 08120 & 0.2916
1 05353 71 09343 8L 05030
2 0.6546 yy 0.2016 & 0.3009
3 0.8501 3 05030 t5¢] 0.0540
4 0.2669 74 0.3009 A 0.2916
5 01235 ) 0.0%40 & 05030
6 05252 76 0.2016 & 0.3009
7 05835 7 05030 87 0.0540
8 00472 8 0.3009 5] 0.2916
9 0.2227 i) 0.0%40 & 05030

random number isneeded. The seed, which
is chosen only once, determines the
sequence of pseudorandom numbers gen-
erated. If adifferent seed is chosen, a dif-
ferent sequence of pseudorandom numbers
will be generated. Table 3 shows a
sequence of pseudorandom numbers gen-
erated with the mid-square method.

Although the numbers in Table 3 appear
random, the mid-square method is a very
poor random number generator. First, if the
number 0.0000 occursin the sequence, all
of the subsequent numberswill be 0.0000.
If the number 0.2500 occurs, dl of the sub-
sequent numbers will be 0.2500. Second,
thereare only 10,000 distinct numbersthat
can be generated with this method, since

0.25-

only 4 digits areimportant. At some point
the sequence will repeat itself. In Table 3,
it can be seen that some point the sequence
entersacyclewith asmall period: the 76th
number is the same as the 72nd, the 77th
isthesameasthe 73rd, etc. Third, themid-
square method does not produce numbers
uniformly distributed between 0 and 1. In
fact, most of the numbersit generates are
lessthan 0.5! Figure 3isahistogram show-
ing how frequently the pseudorandom num-
bers are in the ranges 0-0.1, 0.1-0.2, ...,
0.9-1.0. The seed was 0.5678 and 10,000
pseudorandom numbers were generated.
For anideal random number generator, the
histogram should beflat.

Column 2 of Table4 showsresultsof using

Frequency

Fig. 3 Histogram showing
the frequency of
pseudorandom
numbers occuring
in different ranges
for the mid-square
method. Seed =
0.5678 and 10,000
random numbers

0.2
0.151
0.14
0.054
0

01 .1-2 2-3 34 45 56 6.7 .7-8 .89 9-1

were generated.
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Table 4 Results of approximationsto 71 for different RNG's

N mid-sgquare Lehmer Knuth Marsaglia

1 0.000000 4.000000 4,000000 0.000000

10 2400000 3.200000 2.800000 2400000

100 3240000 3.280000 2.830000 3.040000

1,000 3.896000 3.124000 3.120000 3.136000
10,000 3.989600 3.104400 3.136800 3.160800
100,000 3.998960 3130680 3.139000 3149440
1,000,000 3.9998% 3133236 3141524 3138980
10,000,000 3.999990 3134274 3.1419%4 3.141549
100,000,000 3.999999 3.134406 3141482 3.141667
1,000,000,000 4.000000 3.134406 3.141579 3.141587

this RNG in the simple method for esti-
mating Tt This estimate for Tt converges
toward 4, clearly abad approximation. The
problem isthat at some point the pseudo-
random numbers generated are al so low
that every ball landsinsidethecircle. Asa
result, the approximation is very inaccu-
rate.

Althoughthe mid-square RNG isvery poor,
we introduced it here to demonstrate a
number of important points. First, itillus-
trates the basic procedure of most random
number generators. choose a seed, and
then use amathematical algorithm to pro-
duce a sequence of pseudorandom num-
bers. The seed and the mathematical
algorithm completely determine the
sequence of pseudorandom numbers.
Second, it illustrates the idea of periodic-
ity. The period of the RNG in Table 3 is
only 4, which is an important reason it
should not be used. Every RNG is peri-
odic; many haveaperiod of morethan 10°.
It isimportant that the period of the RNG
belarger than the number of random num-
bersused in thesimulation. Otherwise, the
accuracy of the simulation may not in-
crease with the number of pseudorandom
numbers generated. Third, it demonstrates
theimportance of having aRNG with gives

pseudorandom numbersuniformly distrib-
uted between 0 and 1. Since the numbers
were not uniformly distributed between O
and 1, the mid-square method gave inac-
curate results. Fourth, it shows that even
though a RNG gives numbers which
appear to be random, it may lead to very
inaccurate results.

Linear congruential random number
generators

In the late 1940's Lehmer introduced a
much better random number generator3.
It was the first linear congruential gen-
erator (LCG). LCG'sare avery common
type of random number generator which
use integers and modular arithmetic. The
seed is an integer, and al of the numbers
generated are integers between 0 and
some maximum value. The general for-
mulafor LCG'sis

X, =@ +cpmodm..... (D]

In this equation X, represents the i pseu-
dorandom number, with X ; being the seed
whichischosen by the user. Therearethree
constants: a, the multiplier; c, the adder;
and m, themodulus, whichischosen to be
a very large number. The mod operator
simply givesthe remainder of dividing by
m. For example, 17 mod 5 = 2; 263 mod
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100 = 63; etc. All of the pseudorandom
numbers generated are between 0 and m.
Asaresult, the maximum possible period
of anLCGism. (However, if the constants
a, ¢, and m are not chosen very carefully
then the period will be much lessthan m.)

Often it is desired for the random num-
bers to be between 0 and 1, rather than be
integers between 0 and m. In that case
one simply divides X, by m. One can also
generate numbers in another range by
simplelinear transformations. For example,
if itisdesired that the random numbersbe
between -1 and +1, then one can divide X,
by m (to get in the range O to 1), multiply
by 2 (to get in the range 0 to 2), and sub-
tract 1 (to get in therange-1to +1).

In Lehmer’'s RNG the constants are a=23,
¢=0, and m=10%+1. Column 3 of Table 4
shows the approximations to 7t with our
simple method using Lehmer’s RNG. It

Fig. 4

performsmuch better than von Neumann’'s
mid-square method, but it till doesnot give
an accurate result.

There are two problems with Lehmer’s
RNG. First, the period isrelatively small.
Since we generated 2x10° random num-
bers and the period cannot be more than
108+1, the sequence must have repeated
itself. As aresult, increasing the number
of balls from 108 to 10° does not improve
the estimate of Tt

Second, there are correlations between
consecutive pseudorandom numbers. This
is demonstrated in Figure 4a, which isan
image showing the frequency at which two
consecutive humbers are generated. We
generated many pairs of numbers between
0 and 1. We used each pair of numbers as
cartesian coordinates to determine a pixel
in the image, and we added 1 to the pixel
value. If the RNG were truly random the

Images used for testing correlations between pairs of consecutive pseudorandom
numbers, for two different LCG'’s. For each pair of consecutive numbers Xz and Xai+1,
the corresponding pixel is located and incremented by 1. (a) Resulting image using
Lehmer’s LCG, showing high correlation between pairs of consecutive pseudorandom
numbers. (b) Resulting image using Knuth's LCG, showing no apparent correlation
between pairs of consecutive pseudorandom numbers. There are many other statisti-
cal tests that a RNG must pass before it is considered to be a good RNG.
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image would look noisy. The linesin the
imageillustrate that values are correl ated.

Subsequent LCG's differ from Lehmer’s
inthe constants a, ¢, and m. The constants
are chosen to give a long period and to
reduce the correlation between consecu-
tive pseudorandom numbers. Column 4 of
Table4 showsresultsof using another LCG
(devised by Knuth) where a=1664525, ¢c=0,
and m=2%, The estimate of 11 is much
closer to the true value. Figure 4b shows
an image similar to Figure 4a but using
Knuth’'s LCG. This shows that consecu-
tive pseudorandom numbersare much less
correlated than in Lehmer’s LCG. How-
ever, with some LCG's correl ations show
up in higher dimensions than the two di-
mensions shown in Figure 4. It should be
noted that there are many more statistical
tests for RNG's.

Modern random number generators

Modern RNG’s have much longer periods
and perform much better at statistical tests
than the common LCG’s. One such RNG
isdueto Marsaglia®. Itsperiod islonger
than 10%. It is based on three RNG’s: an
L CG and two other types of “simple’ ran-
dom number generatorsnot discussed here.
The last column of Table 4 shows the re-
sults using Marsaglia's RNG for the esti-
mation of 1. For Monte Carlo simulations
we highly recommend that a good RNG
be used.

Monte Carlo in SPECT

Here we describe brute force Monte
Carlo, which is the smplest type of MC.
In brute force MC the physics of the im-
aging process are modelled closely, but it
is not very efficient. Many variance
reduction methods can be used to improve
the efficiency of MC programs, but they

are beyond the scope of this paper®. For
amore sophisticated description of MCin
SPECT the reader is referred to®.

A Monte Carlo SPECT simulation program
takes as input an activity phantom and a
tissue map, and it outputs projection data.
The activity phantom corresponds to the
radiopharmaceutical uptakedistributionin
the body, and the tissue map corresponds
to the different tissues of the body. (Some-
times an attenuation phantom is used
rather than a tissue map. The attenuation
phantom corresponds to attenuation coef-
ficients of different tissues of the body at
some specified energy.) The MC program
models photon emission, attenuation and
scatter, collimation, and detection. M ost of
these processes has some random com-
ponent and require random numbersto be
generated. Many photons are simulated—
often more than 10°—and each photon is
followed fromitspoint of emission until it
is absorbed in the body, reaches the
detector, or passes out of the body unde-
tected.

L et us consider the simulation of one pho-
ton. Compared to a ball in the previous
simple example, which only landed inside
or outside the circle, what can happen to
onephaoton ismuch morecomplicated. Firgt,
the point of emission is chosen with a
random number generator. For a three
dimensional phantom, thisrequires 3 ran-
dom numbers to be generated. The activ-
ity phantom determines the probability of
the photon being generated at each point
or voxel. In other words, a photon has a
higher chance of being emitted from a
voxel in the activity phantom which hasa
high value than avoxel with alow value.
Asaresult, after many photons have been
emitted morewill have comefrom regions
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in the activity phantom with high activity
values than from those which have low
values.

After the point of emission is chosen, the
direction of the emitted photon is chosen.
Thisdirectionischosen with random num-
bers, since the direction of photon emis-
sion is random. For an isotope with one
photopeak, the emitted photon will havean
energy equal to the photopeak energy.
Choosing the point and direction of emis-
sion are sufficient to simulate photon emis-
sion. For an isotope with multiple
photopeaks, the energy of the emitted pho-
ton must be chosen. Again aRNG is used
to determine the energy of the photon; the
probability of the photon having a given
energy is determined by the real physical
abundance of photons having that
photopeak energy.

After emission a real photon may pass
through the body without interacting with
the body, or it may interact with the body.
Photon interaction with a body tissue is
another random process, with the probabil-
ity of any type of interaction given by the
cross section corresponding to the tissue,
the type of interaction, and the photon en-
ergy. Asaresult, random numbersare used
to control the processes of photon interac-
tionswith tissue. Random numbers deter-
mine how far the photon travels before
interacting, what type of interaction takes
place, how much energy the photon loses,
and the direction that the photon travels
after the interaction (if it is not absorbed
because of a photoelectric event). If the
photon is absorbed, then a new photon is
emitted and followed through the body. A
photon which interactsand isnot absorbed
will then continuein anew direction, and it
may interact again with the body or it may

travel through the body without interact-
ing. Thisishow attenuation and scatter in
the body are modelled. Note that the MC
program can easily keep track of how
many times each photon interacts with
tissue (i.e. scatters); thusit is possible to
obtain scatter information from a MC
program. Inareal physical experiment, the
scatter component can only be estimated.

If the photon passes out of the body without
being absorbed, then it will befollowed as
it propagatesthrough air. It will either reach
the collimator or it will missit and not be
detected. This depends on the trgjectory
of the photon and the location, orientation,
and size of the collimator. If the photon
reaches the collimator, then it will either
pass through the collimator or not. If it
passes through the detector and entersthe
crystal, then it will either be detected or
pass through the crystal undetected.
Whether it is detected is a random pro-
cess, depending on the energy of the pho-
ton, the attenuation coefficient of thecrys-
tal at that photon energy, and the length of
the crystal that the photon travels through
(i.e., the crystal thickness and the angle
that the photon makes with the crystal).
Thus photon detection in the crystal is
modelled using a RNG. (With some MC
programs, the photon can even scatter
multipletimesinthecrystal.)

If the photon misses the collimator, enters
the collimator but does not passcompletely
through, or enters the crystal but passes
through undetected, a new photon is gen-
erated and the whole procedure is re-
peated. One the other hand, if the photon
isdetected then variousinformation about
the photon can be recorded. For example,
the angle of the collimator, the x- and y-
coordinates of the photon, and the photon

32 Thai Nuclear Medicine Newsdletter < \ol.4 <« No.1 < 1998



TheMonte Carlo Method in SPECT « DP. Lewis

energy can berecorded, just aswith areal
camera. (Energy resolution of the camera
can also be modelled with a RNG.) One
can use any desired amount of spatial
resolution for the camera, and one can use
as many energy windows as desired (as
long asthere is enough computer memory
to hold the information). One can also
record scatter information, namely
whether the photon scattered at least once
inthe body or passed through without scat-
tering, or even the number of times the
photon scattered inside the body.

Thewhole procedureisrepeated for every
photon. When the program finishes the
user has a projection data set correspond-
ingto avery large number of photons. Itis
up to the user to decide how many photons
to simulate. The number may depend on
the desired activity that onewantsto simu-
late, or it may depend on the count level
that one desires for the projection data.

The noise level in the projection data
depends on the number of photons simu-
lated, as well as on the bin size and the
size of the object being simulated. Often
one wants projection data with relatively
low noise; consequently one has to simu-
late avery large number of photons. How-
ever, the more photons that are simulated
thelonger the simulation will take.

REFERENCES

1. Tsui BMW, Zhao X, Frey EC and
McCartney WH. Quantitative
single-photon emission computed
tomography: basicsand clinical
considerations. Sem Nucl Med
1994;24.:38-65.

2. Knuth DE, The art of computer
programming, vol. 2, 2d ed.
Reading, Mass.: Addison-Wesley,
1981.

3. James F. A review of pseudoran-
dom number generators. Computer
Physics Communications
1990;60:329-44.

4. Sobol IM. A primer for the Monte
Carlo method. Boca Raton, Fla.:
CRC Press, Inc., 1994,

5. Marsaglia G, Zaman A, and Tsang
WW. Toward a universal random
number generator. Satistics &
Probability Letters 1990;9:35-9.

6. Haynor DR, Harrison RL, Lewellen
TK, Bice AN, Anson CP, Gillespie
SB, MiyaokaRs, Pollard KR, and
Zhu JB. Improving the efficiency of
emission tomography simulations
using variance reduction tech-
niques. |IEEE Trans. Nucl. Sci.
1990;37:749-753.

7. Ljungberg M and Strand SE. A
Monte Carlo program for the
simulation of scintillation camera
characteristics. Computer Meth-
ods and Programs in Biomedicine
1989;29:257-72.

Thai Nuclear Medicine Newdletter < Vol.4 < No.1 < 1998 33



